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Steady-state size distribution of air bubbles in polar ice
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Between the close-off depth and the bubble-to-hydrate transition zone in polar ice sheets, the geometrical properties of air bubbles, such as number con-
centration and size of bubbles, are mainly controlled by firn temperature and ice accumulation rate prevailing during the snow to ice transformation [3], and
by the bubble compression in the course of bubbly ice densification [13]. This implies that the data on the bubble properties can be used for reconstruction of
the past climate change. On the basis of our earlier studies of bubbly ice densification and the new measurements of air bubbles in the Antarctic ice cores, we
have developed a theory of bubble evolution in polar ice and propose an inverse procedure for bubble size conversion to specified conditions at the close-off
depth. Both outcomes of the research contribute to elaboration of the new paleoclimatological tool based on the bubble properties.

List of symbols

b accumulation rate

c ice porosity (volume fraction of bubbles)

F(r) probability density function of bubble-size (r)
distribution

f(r, p) probability density function of bubble-size ()
and pressure (p) distribution

h depth

L total length of pores per unit mass of ice

/ size of ice grains (grain edge length)

N number of bubbles after their disintegration per

unit mass of ice
p gas pressure in a bubble
Dy load pressure

r radius of a bubble

Ty radius of pores and elongated bubbles

S coefficient of variation of bubble radii r

T temperature

t time

U volume of a unit cell

V total gas content of ice

v volume of a bubble

y number of pores per grain

a length/radius ratio of cylindrical bubbles

o, volume/edge length ratio of polyhedron chosen
for ice grain approximation

w compression rate of a bubble

0; density of pure ice

C r,/r ratio

C' r./r ratio

) mean value of variable x

o(x) standard deviation of variable x
Subscripts
c close-off characteristic
d characteristic at the end of bubble disintegration
trans  characteristic at the beginning of the bubble-to-
hydrate transition zone
0 standard conditions (STP).

Introduction

Polar ice cores have for a long time been recog-
nized as an invaluable source of data on past climate
and atmosphere history. Traditionally most of the pa-
leoclimatic information comes from the analyses of
water isotopes, entrapped atmospheric air, and sol-
uble and insoluble impurities in ice. However, some
of the physical properties of ice itself can also be used
as a supplementary and independent source of pa-
leoclimatic data. In particular, the geometrical prop-
erties of air inclusions in ice are thought to store in-
formation about past temperature and accumulation
rate. Earlier studies [1] revealed climate-related vari-
ations in air-bubble sizes and number concentrations
at different depths in the Vostok ice core. The up-
dated experimental profiles of air bubble properties at
Vostok ([1, 12] and newly obtained data) are shown in
Fig. 1 along with the ice isotope record [10]. The data
demonstrate that the sizes (number concentrations) of
bubbles are smaller (greater) in ice formed under the
full glacial conditions (the Last Glacial Maximum or
LGM) than in Holocene ice.
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The link between bubbles and climate can be un-
derstood if one takes into account that bubble sizes
and number concentrations are primarily controlled
by grain sizes at the pore close-off depth, as was first
proposed by A. Gow [8] and quantitatively demon-
strated in subsequent publications [3, 12, 28]. The
grain size at this depth is in turn a function of the
grain-growth rate (depends mainly on the firn temper-
ature), and the age of ice at pore close-off controlled
by densification process (which is temperature and
accumulation dependent [21]). Accordingly, the geo-
metrical properties of bubbles at any depths between
the pore close-off and the bubble-to-hydrate transi-
tion (500—1250 m at present time at Vostok [12]) are
mainly controlled by firn temperature and ice accu-
mulation rate prevailing during the snow to ice trans-
formation [3], and by the bubble compression in the
course of bubbly ice densification [13, 19]. Hence, be-
fore using the bubble size record for paleoclimate re-
construction, one has to reduce the bubble sizes mea-
sured at different depths to the close-off conditions.
With this in mind, we develop here a model which de-
scribes the evolution of the bubble-size distribution
with depth and allows us to reduce the sizes of com-
pressed air bubbles to the original conditions prevail-
ing at the close-off depth during bubble formation.

Formation of bubble ensembles in polar ice

In dry snow, a structural re-arrangement of ice
grains by linear-viscous boundary sliding is a dom-
inant mechanism of densification [5]. When snow
reaches a relative density of about 0.6—0.7, the co-
ordination number of grains (number of contacts
per grain) approaches 6—7, thus, making the slid-
ing impossible. Deformation of grains by power-law
creep allows further densification of firn leading to
further increase in the number of contacts per grain
and growth of the average contact area [7, 22, 23]. As
a result, when firn reaches a relative density of 0.8,
the pores are reduced to thin cylinders going along
the ice-grain edges, whereas the grains are similar by
shape to equilibrium space-filling polyhedrons of the
type of Kelvin’s or Williams’ tetrakaidecahedron [14].

Owing to curvature and surface tension the cylin-
drical pores in ice are unstable with respect to their
disintegration into a number of spherical bubbles (see
e.g., [25]). The plastic deformation of grains, the ice-
grain growth, and the disintegration (pinch-off) of pores
are the three processes that acting simultaneously control
the dynamics of pore closure and air trapping in firn [6].

Because of percolation and sometimes sealing ef-
fects, the air becomes isolated from the atmosphere

few meters above the depth at which zero open poros-
ity is observed from the porosity measurements done on
small samples of firn [15, 29]. However, regarding mac-
ro-scale in-situ properties of polar firn, both the air iso-
lation in terms of pressure and the actual pore closure
occur simultaneously at the same depth level hereafter
referred to as «close-off depth» and denoted by 4,. The
amount of air trapped at this level determines the air
content of ice. Thus, the firn porosity at which the air is
isolated and the close-off depth can be estimated from
the air content of recent ice and the experimental po-
rosity/density profile, provided the atmospheric pres-
sure and the firn temperature are known [15].

Further development of bubble ensemble below /4,
involves post-closure disintegration of isolated pores
and elongated bubbles and compression of all air inclu-
sions in plastically deforming ice matrix driven by the
pressure lag between the two phases. By definition, the
disintegration alone does not affect the volume con-
centration of air in ice, but tends to increase the number
of bubbles. The process persists until the length/radius
ratio, a, of all cylindrical bubbles is reduced to about
27 [25]. In the case of Vostok this condition is satisfied
at about 160—170-m depth (60—70 m below pore close-
off). However, «isometric» bubbles (i.e. bubbles with
a < 2m) represent up to 50% of the total bubble popu-
lation already at 105 m and up to 80% at 110 m, where-
as a of remaining elongated inclusions at 110-m depth
rarely exceeds 4. Thus, the number of bubbles in sink-
ing ice is mainly determined within a narrow depth in-
terval of the first tens of meters below 4., where radius
r, of elongated inclusions still remains within a few per-
cent of pore radius r,, at the close-off depth.

Based on the above consideration, we postulate that
at the end of bubble disintegration the number of isomet-
ric bubbles per unit mass of ice, N, is proportional to the
length/radius ratio of firn pores at the close-off depth:

N=L,/ar,, (1)

where L, is the total length of pores per unit mass of
ice at the close-off depth. With this assumption, it was
deduced [3] that the number of bubbles in polar ice is
linked to the grain size at the close-off depth as

15 0.5
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Here y is the number of pores per grain, and the value
of @, is specified by the type of regular polyhedrons
chosen for ice-grain approximation, p; is the density of

pure ice; a is assumed to be a constant parameter which
refers to a preferred wavelength of bubble surface per-

N=G/13, G= )
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Fig. 1. Variations of the geometrical properties of air bubbles with depth in the Vostok ice core:

a — the deuterium record from the Vostok ice core indicating the local surface temperature change [10]. The 8D axis is inverted to facilitate com-
parison with the experimental profile of the number concentration of air bubbles in ice; & — number of normal bubbles and microbubbles in 1 g of
ice, V. Vertical bars indicate variability of the normal bubble concentrations within 9 cm thick ice core layer; ¢ — mean radii (r) of normal bubbles
(measured) and microbubbles (calculated using the data on microbubbles at 183 m depth). Vertical bars for (r) of normal bubbles as in 4. The solid
curve was calculated from the data on normal bubbles at 183 m depth assuming steady-state conditions; d — coefficient of bubble radii variation,
s(r). Grey symbols in b, ¢, d show results of continues measurements within 1 m long ice core increments. Because of the difference in the ages of
ice and entrapped bubbles, the climate-related variations in the bubble records are observed somewhat deeper than the corresponding variations in
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turbation and thus determines the average size and the
number concentration of future spherical bubbles for a
given porosity ¢, and grain size /, at pore closure.

From theoretical [27] and experimental [30] stud-
ies it follows that the bubble migration under temper-
ature gradients typical for polar ice sheets cannot sig-
nificantly affect the initial bubble concentrations. In
the absence of rapid ice deformation, the effects of
both bubble coalescence due to bubble collisions [31]
and bubble splitting «owing to the differing deforma-
tion in neighboring grains» [4] are negligibly small.
The probability of bubble coalescence associated with
ice-grain growth is also considered to be low because
of the small size of bubbles and a tendency to bubble-
boundary separation which, as a rule, occurs below
the close-off depth [8].

Finally, the data from polar ice cores [1, 9, 17]
show that the mean bubble concentration doesn’t
change with depth / at stationary (Holocene) con-
ditions (see also Fig. 1). It is therefore reasonable to
assume that, from the end of bubble disintegration
(h = h,) to the upper boundary of the bubble-hydrate
transition zone (4 = A,,,,,), the number of bubbles in a
reference ice particle remains fixed. In this section of
ice sheet, bubble compression is the only process that
governs the evolution of bubble-size distribution with
depth and controls the geometrical properties of bub-
ble ensembles in sinking ice.

Evolution model of the bubble-size distribution
(from the end of bubble disintegration to the
beginning of bubble-hydrate transition)

Observations show that neither the radii of real
pores nor the grain sizes are uniform at pore close-off.
In addition, under the same load pressure, the rate of
grain deformation depends on the grain contact area
which determines the effective stress acting on contact
flats (e.g., [14]). Therefore, the compression of closed

pores and bubbles in firn is expected to be an inhomo-
geneous process on the micro-scale level. Because of
these and other complexities a bubble ensemble form-
ing below close-off is not uniform with respect to size
and gas pressure of the inclusions [8, 12, 13].

In what follows, we confine our consideration
to the depth range 4, < h < h,,,,,. The number of
bubbles N in a sinking ice particle is fixed, and the
bubble ensemble at a certain depth level (or instant
in time) is characterized by the probability densi-
ty function of bubble size and pressure distribution
f(r, p) which, by definition, determines the num-
ber of bubbles dN whose equivalent-sphere radii and
pressures fall into the intervals from r to r+ dr and
from p to p + dp, respectively:

dN = Nf(r, p)drdp.

Available data on air bubbles in polar ice cores
are mostly restricted to the experimental bubble-size
distributions. The corresponding probability density
function, F(r), is

K(r) = [f(r, p)dp.

The time evolution of the bubble-size distribution
in a reference ice particle, described by F(z, r), results
from compression of bubbles in ice matrix plastically
deforming under load pressure p, . The driving force
here is the pressure lag p; - p unique for each bubble.
To develop a model for bubble ensemble evolution, we
introduce the compression rate of a bubble as

ldv  3dr

vdt rdt

3)

where v is the volume of a spherical bubble, and d/dt
designates hereafter the particle derivative of a variable.

Because the ice porosity is small (< 0.1) and the bub-
bles are scarce at these depths, we can divide ice matrix
into a number of cells U, each containing a single bubble

the deuterium record. The thin dashed lines connect the synchronous events in the records. LGM — Last Glacial Maximum; ACR — Antarctic

Cold Reversal. The ice age at the top axis is from [20]

Puc. 1. ismeHenue 1o FJ'[y6I/IH€ TCOMETPUYCCKUX XapaKTCPUCTUK BKJTIOUCHU I BO31yXa B KEPHE CO CTAaHLIMMN Bocrok:

a — poduIb U30TOITHOTO COCTaBa KepHa I10 ACUTEPHIO, XapaKTepU3YIOIINA M3MEHEHIE TeMITepaTyphbl Ha moBepXHocTH JienHuka [10]. Ock D
TepeBEPHYTA 151 O0JIErYeHUST CPABHEHUSI C TIPOhMIIEM CYETHON KOHIIEHTPAIIVK BKITFOUSHUI BO JIBIY; b — KOJIMIECTBO TMTTOTEHHBIX BKITIOUSHUIA
BO3/yXa M aBTOTCHHbIX MUKPOITY3bIPLKOB B 1 T JiefsiHOM nopoabl, N. BepTukaabHbIMU OTpe3KaMu MOKa3aHbI Mpenesibl uiBMEHUYMBOCTH N THITO-
TeHHBIX BKJTIOUEHUII B Iperiesiax 9-CaHTUMETPOBBIX CJIOEB JIESTHOTO KepHA; ¢ — CPEIHUE PAIMYChI (#) TMTIOTEHHBIX BKJIIOUEHUI (Pe3yJIbTaThl 13-
MEpPEHUIT) ¥ aBTOTeHHBIX MUKPOITY3bIPHKOB (pacyéT Ha OCHOBAaHMM JaHHBIX, MTOJMyYeHHBIX Ha ropu3oHTe 183 m). I1penesbl M1BMEHUYMBOCTH pa3-
MEPOB TUITOTEHHBIX ITy3bIPHKOB (KaK Ha pHC. b) TIOKa3aHbI BEPTUKATLHBIMU OTpe3KamMu. CIiIolTHast TMHUS — pa3Mep TUTIOTEHHBIX BKITIOUCHMIA,
pacCUMTaHHBIN MO JaHHBIM UX U3MEPEHUI Ha TOPU30HTE 183 M, MCXOsl U3 MPEATONIOXEHHSI O CTALIMOHAPHOCTH YCJIOBUIA JILIOOOPA30BaHUSI;
d — x03(hGUIIMEHT Bapralliy paayCcOB TUTIOTEHHBIX BKITFOUSHMIA, S(r). 3HAUeHMSI, IOKa3aHHBIE Ha PUC. b, ¢, d CepbIM 1IBETOM — pe3yJIbTaThl He-
TMPEPHIBHBIX MOCTONHBIX U3MEPEHUIA XapaKTePUCTUK BKJIIOUEHMIA B TIpe/iesiaX MHTepBaIoB KepHa UIMHOM 1 M. [10CKOIbKY BO3pacT rMITOreHHBIX
BKJTIOYEHUI (OTCUMTHIBACTCS C MOMEHTA MX M3OJISIIIUM OT aTMOC(ephbl) MEHBIIIE BO3PACTa BMEIIIAIOIIETO WX JIbIa (OTCUMTHIBACTCS C MOMEHTA OT-
JIOKEHUS CHera Ha TIOBEPXHOCTHU JIE[HMKA), KIMMAaTUYeCKU 0OYCIIOBJIEHHbIE Bapyallii B IPOMUISIX XapaKTepUCTUK BKIIIOYEHUI BO3IyXa Ha-
OITIOMAIOTCST HECKOJIBKO TITyOKe COOTBETCTBYIONINX Bapraruii B mpoduie 0D. CHHXpOHHBIE BapUalMK Ha TIPODMIISIX COSTMHEHB! TTYHKTUPHBI-
MU JTUHUSMU. Bo3pacT Jibaa Ha BepXHeli 1IKajie JaH 10 JaHHbBIM paboTsr [20]
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Fig. 2. Schematic of the compression of single bubbles in the
polydisperse bubble-ice system (see text for explanations)

Puc. 2. Cxema, WUTIOCTpUPYIOIIAs TIPOLIECC CKATUS OTHEIb-
HBIX BKJIIOYEHWIA B TTOJTUAMCIIEPCHOM CUCTEME JIEN — MY3bIPbKHU
Bo3ayXa (CM. TEKCT)

and deforming as a volume of constant mass (see Fig. 2).
Consequently, for incompressible ice we have
dv dU
a_ayv. (4)
dt dt
For each bubble the cell is chosen so as to pro-
vide the cinematic consistency of the cell ensemble de-
formation. This implies that the compression rates of
different cells are identical and equal to the averaged
(macro-scale) compression rate of bubbly ice:

LY o, (5)
U dt

where by definition = <wv>/<v>, and c is the volume
concentration of bubbles (ice porosity).

Combining Equations (3)—(5), the volume U of
each cell is determined by

v/ U=co/o,

which means that (at least for small ¢) the compres-
sion of a single bubble of volume v and pressure p in
the polydisperse bubble-ice system is identical with
that in the periodic (monodisperse) bubble-ice cell
structure with the apparent bubble-volume concen-
tration equal to co /.

Rheological behavior of periodic bubbly media was
theoretically studied by Salamatin and Duval [18], and
then used by Salamatin with coauthors [19] to con-
struct a densification model for bubbly ice represented

as a periodic structure. Substituting cw /w into the lat-
ter theory instead of ¢, one obtains (see Appendix) an
integral relation linking the compression rate of a sin-
gle inclusion in the polydisperse bubble-ice system to
the corresponding pressure drop:

p—p=0;c,0,..). (6)

Assuming mass exchange between the two phases
is negligible, the ideal-gas state equation for each bub-
ble yields

pv/T=pyw/ T, (7)

Here T (K) is the current temperature of the ice
particle, and v, is the volume of dry air in the bub-
ble at standard conditions (STP). The latter quan-
tity (constant for each bubble) is determined by the
thermodynamic conditions at pore close-off, so that
on average (vy) = V/N, where V is the total gas con-
tent of ice.

Equations (3), (6), (7) form a simultaneous sys-
tem for simulating temporal changes in pressures and
volumes of individual air bubbles. They are similar
to the equations which describe the bubbly-ice den-
sification in terms of the averaged characteristics: c,
w, p, where p = (pv)/(v) is the volume-weighted bub-
ble pressure (see Appendix). Computational experi-
ments [19] showed that the pressure evolution and
the rate of compression in the bubble ensemble in-
significantly depend on the initial conditions at pore
close-off. In the upper part of the bubbly-ice stra-
tum, pressures p (although different from one bub-
ble to another) are uniformly small with respect to
the load pressure p; and, in accordance with Equa-
tion (6), variations in the compression rate ® of dif-
ferent bubbles are small too. Deeper in the ice sheet,
in the asymptotic phase of bubbly-ice densification,
the pressure in all bubbles equalizes. The latter has
been confirmed by direct measurements of the bubble
pressure in the Vostok ice core [13]. Consequently, in
spite of a considerable difference in bubble sizes, their
compression rates = o, and therefore the evolution
of the bubble volumes (radii) in the depth range of
interest can be calculated with sufficient accuracy by
using Equations (3), (6), at (7) atp = p.

Based on this approximation and designating by
the subscript «d» characteristics of a bubbly-ice particle
at the end of the disintegration zone (4,), for any time
t > t,, when the particle reaches a depth 4, from Equa-
tion (7) we write

1

2:[&J3 ¢, ®)
" \Tp,
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Here T = C(?) is a function of time. The number of bub-
bles in the ice particle remains constant and for any
sub-ensemble (dN) it holds

F(r)dr = F(r,dr,. )]
Combining Equations (8) and (9), yields
F(t,r) = T F,(rT(n). (10)

Hence, after completion of bubble disintegration,
the form of the bubble-size distribution in a sinking ice
particle is expected to remain time-invariant, and, as a
consequence, the coefficient of variation, s, equals that
at the end of disintegration (s = s,). In this case a sim-
ple scaling procedure based on Equations (8) and (10)
would be sufficient to make the distributions obtained
at different depths coinciding with each other, provid-
ed the ice formation conditions (the initial properties of
bubble ensembles at & = h,) were steady-state and did
not change. The mean bubble pressure, p, should be
simulated using the ice densification model [19], as ex-
plained in Appendix.

The s-depth profile shown in Fig. 1, d does support
a constancy of the relative variance of bubble radii with-
in the ice strata formed under stationary (either Ho-
locene or LGM) conditions. More detailed discussion
of the bubble-size distribution is presented in the next
section where we examine the above theoretical results
using an extensive set of data obtained from Vostok and
other polar ice cores.

Experimental data

The ice cores used in this study were retrieved
from the deep boreholes 3G, 4G, and 5G drilled at
Vostok Station as well as from a number of shallower
holes drilled along the traverse route Mirny — Vostok
and named by the distance in kilometers from Mirny
Observatory: KM 140, KM 260, KM 325, KM 400,
and at Komsomolskaya Station (KMS). The mea-
surements were performed on unrelaxed ice, that is
either on the fresh ice core soon after drilling, or on
ice samples stored at a temperature of —55x2 °C,
which is low enough to prevent (at least during the
first 5 years after ice recovery) significant decompres-
sion of air bubbles [2].

Thick sections for bubble studies were cut along
the core axis that represented continuous 9-cm incre-
ments of the core length (or 4 to 40 years' accumula-
tion, depending on site and depth). The upper and
lower surfaces of each thick section were microtomed
and then polished with a small amount of alcohol. Sil-
icone oil was applied to avoid air between the ice slice
and the glass plate to which it was attached with su-

percooled water drops, as well as to prevent sublima-
tion from the upper surface of the slice. The thickness
of the thick sections was kept at about 2—4 mm during
the inclusion-size measurements, and then thinned
down to 1-2 mm before counting the number of in-
clusions. The thick sections were analyzed under a
binocular microscope in the field laboratory at —12 °C
as described in [12].

Besides the original measurements, available pub-
lished data from the Dye 3 ice core drilled in Green-
land [26], and the Byrd core from Antarctica [8, 9] were
also used in our analysis.

The geometrical properties of the bubble popula-
tions in the studied ice samples (or ice particle) from dif-
ferent depths are described by the number concentra-
tion N and the size distributions of air inclusions. The
size of each bubble is expressed by equivalent-sphere ra-
dius r while the whole population is characterized by
the mean value, (r), the standard deviation o(r) of bub-
ble radii, and the coefficient of variation, s, defined as
s = o(r)/{r). It should be noted that s is also the standard
deviation of relative bubble radii s = o(r/{r)), and in the
case of the log-normal size distribution, its value is typ-
ically within a few percent of the logarithmic standard
deviation o(Inr), or precisely: o2(Inr) = In(1 + 52).

At least 200 inclusions were measured in each thin
section to obtain statistically representative data on their
size distribution. Both normal bubbles formed due to
pore closure and microbubbles entrapped by growing
ice grains in the shallower section of firn [12] were ana-
lyzed. The results obtained on the Vostok ice cores are
shown in Fig. 1. In the following consideration we only
use data for normal bubbles.

Applying theory to the data

Equations (8) and (10) can be easily transformed
to calculate the initial bubble-size distribution func-
tion F,(r,) from the experimental distribution F(r) ob-
tained at any depth / between 4, and 4,,,,,,,. However, by
the end of disintegration, air bubbles have already ex-
perienced significant compression and therefore their
sizes, according to Equation (7), additionally depend
on the temperature 7, and atmospheric pressure p, at
pore isolation. A more appropriate reference level for
comparing bubble ensembles formed under different
climatic conditions is then the close-off depth, 4., at
which the ice-grain texture solely determines the geo-
metrical properties of trapped bubbles.

Extension of the bubble-evolution model up to the
close-off depth. For characterizing the bubble sizes at
h,., it is convenient to mentally replace a complicat-
ed system of elongated, often ramified, gas inclusions
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Fig. 3. The stacked bubble-size distributions in the Holocene and LGM ice strata:

a — the stacked size distributions for Holocene and LGM bubble populations in the Vostok ice core. The Holocene (LGM) stack is
based on 2000 (2400) bubbles measured at 10 (13) depth levels in the depth range 160—225 m (400—560 m). The experimental distribu-
tions from different depths were reduced to the corresponding close-off conditions as described in text. The best-fit log-normal func-
tions are also shown for comparison; b — the stacked distributions of relative bubble radii in Holocene ice at six drilling sites in Antarc-
tica and in LGM ice at Vostok are shown by symbols as indicated in the figure. The thin curve represents the total-stack distribution
based on 11000 bubbles. The thick curve is a log-normal distribution fitted to the total stack. (In each case a normalized probability
density is defined as F(x),,,,, = dN/(NdX), X = (Inx — (Inx))/o(Inx), where x stands for either r or r/(r); a log-normal function is given
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typical at this depth by an equivalent system of iso-
metric (spherical) bubbles that would exist here if the
disintegration occurred at the same time as the pores
closed. Such a fictitious bubble ensemble is character-
ized by the same volume concentration of inclusions
as the real one. However, the number concentration
and the distribution of the relative radii of the bubbles
are the same as those which will be acquired by the
bubble ensemble after the bubbles have disintegrat-
ed. The size distribution of spherical bubbles at pore
close-off, F,.(r,), can be deduced from the bubble sizes
measured below the disintegration zone using ana-
logues of Equations (8) and (10)

Flr) = Fr/O)/E, o /r=2=| =C.
4

c

(1)

The mean value and the coefficient of variation of bub-
ble radii are (r,) = C'(r), and s, = s, respectively.

The average bubble pressure p in Equation (11) is
predicted by the ice densification model [19]. In con-
trast to our previous work [13], we now employ this
model with the boundary conditions (7,, p,, c., ...)
which refer to the new, air-content-based definition of
the close-off depth described above. As might be ex-
pected, after rising the upper boundary of bubbly ice
typically by 2 to 6 m, we do not observe any apprecia-
ble change in the best-fit values of the main model pa-
rameters (rheological properties and air content of ice)
as compared to those established for the same drilling
sites under the old, closed-porosity-based definition
of the close-off depth [13].

Our own experience with ice samples from Vostok
and Komsomolskaya show that predominance of elon-
gated inclusions, even at the coldest sites, is restricted
to the first ten meters of bubbly ice. We therefore do
not attempt to incorporate in the model a «cylindrical

approximation» of air bubbles [32] in order to improve
simulation of bubble pressures in the narrow depth range
where the evolution of inclusion shape essentially takes
place. Judging from the computational experiments [13],
the actual instability of the close-off conditions (in par-
ticular those which determine the air content of ice) ap-
pears to be more crucial for fitting the model to the data
than other uncertainties of the modeling.

Steady-state bubble-size distribution. Using the sec-
ond of Equations (11) we reduced the sizes of nor-
mal bubbles measured at different depths within Ho-
locene (160—225 m) and LGM (400—560 m) sections
of the Vostok core to the corresponding close-off con-
ditions. For Holocene at Vostok we took the present-
day values of T, and p,, whereas for LGM we estimat-
ed: 7,=205+1 K (—68x1 °C), p, = 0.065£0.002 MPa
from the available paleoclimatic reconstructions [11,
16, 19]. Because the log-normal bubble-size distribu-
tion was expected [1], the calculated bubble radii 7,
were recollected in logarithmic bins. Then a conven-
tional normalization of the probability density function
F,(r,) with respect to the logarithmic standard deviation
o(Inr,) was applied in order to have a constant height
of the distribution plots. The resulting stacked size dis-
tributions for Holocene and LGM bubble populations
in Vostok ice are shown in Fig. 3, a together with their
log-normal fits. Despite considerable differences in the
bubble number concentrations (435 g~! in Holocene ice
versus 735 g~ in LGM ice), and the mean bubble radii
at pore close-off (0.33 mm and 0.28 mm, respectively),
both of the experimental stacks closely correspond with
a log-normal distribution function. The width of the
distribution, however, changes from s = 0.43 in Holo-
cene ice to s = 0.37 in LGM ice. The data on (), s, and
N for Vostok and other cores are given in Table.

Equations (8) and (10) imply a fixed distribution of
relative bubble sizes after completion of bubble disinte-

by F(x),0rm = (270)3exp(—X?/2).) KMS stands for Komsomolskaya, VOS — for Vostok Station; «Total» is the total-stack distribution
based on 11000 bubbles from all studied sites

Puc. 3. CBoaHble pacnpesesieHus: BKIIOYEHUI BO3ayXa M0 pa3MepaM B CJIOSIX JibAa, COOPMUPOBABIIIMXCS B TOJIOLIEHE U B MEPUOJL
nocjaenHero Makcumyma ojeneerus (IIMO).

a — CBOJIHBIE pacrpe/eieHus] BKIIOUYeHUIl Bo3ayxa st rosoueHa 1 [IMO no pesyibraTam UcClieoBaHUM KepHa co cTaHuuu BocTok.
Pacnpenenenue mist rononeHa (ITIMO) ocHoBaHo Ha usmepeHusix 2000 (2400) BkmoueHuii Ha 10 (13) ropu3oHTax JeTHUKOBOM TOJIINA
B MHTepBajie youH 160—225 m (400—560 m). DKcriepuMeHTaIbHbIe pacpeeeHusI, MOJTyYeHHbIe Ha Pa3HbIX MIyOMHaX, TPUBEICHBI K
YCJIOBUSIM Ha ypOBHE 3aMbIKaHUS TTOP, XapaKTepHbIM st TostonieHa u [IMO, 1o Metoauke, onmucaHHoOU B Tekcte. Ha pucyHKe Takke
roKa3aHa KpHBasi JIOTHOPMAJILHOTO paclipeleeH s, HaTy4yIluM o0pa3oM anmpoKCMMUpYIoLIasl SKCIepUMeHTabHbIe JaHHbIE; b —
CBOJIHbIE pacrpeneeHs] HOpPMUPOBAHHBIX PAJMyCOB BO3AYIIHBIX BKIIOUEHUH B FOJOLIEHOBOM JIbIY B IIECTH MYHKTax OypeHUs: B AH-
TapkTuae u Bo by [IMO B paitoHe ctanuuu Boctok. ToHKast KpuBasi — obliiee CBOIHOE pacipeeeHne, OCHOBAaHHOE Ha U3MEPEHUSIX
11 ThIC. TTy3bIPHKOB BO3MyXa; XUpPHas KpYMBasik — JJOTHOPMaJbHOE pacIipelie/ieHre, COOTBETCTBYIOIEe SKCIIEPUMMEHTAIbHBIM JTaHHBIM.
B kaxmoMm ciyyae HOPMUPOBaHHas! MJIOTHOCTb BEPOSITHOCTU ompenessuiachk Kak F(X),,,, = dN/(NdX), X = (Inx — (Inx))/o(Inx), rae x
0003HAYAET r WU 1/(r); TOTHOPMasbHAs (GYHKIUS OTpenensiercss Kak F(x),,,, = (21) %exp(—X?/2).) KMS, VOS — naHHbie M0 KepHam
cranuuit Komcomosnbckast 1 Boctok coorBercTBeHHO. «Total» — 001ee cBOIHOE dKCIIEPUMEHTAIbHOE paclpeie/ieHue, TOCTPOEHHOE 110
n3MepeHusIM 11 ThiC. y3bIPbKOB BO BCEX U3YYEHHBIX KEPHAX

-27 -



J1eOHUKU U 1e0HUKOBbIE NOKPOBbI

Characteristics of air bubbles in polar ice as related to the ice formation conditions (temperature, T, and accumulation rate, b)
TeoMeTpuyecKye mapaMeTpsl [a30BbIX MY3bIPHKOB B PasIMYHbIX YCIOBUAX PEKPUCTAIM3ALMOHHOIO 1bE006pasoBanus (Temmepa-

typa T, CKOPOCTb aKKYMY/LAINH 1IbAA b)

Drilling site Location T,°C | b,gem™>yr' | N,g! | Nerror,g™!| (r), mm | (r)error, mm | s(r)
Dye 3 65°11'N, 43°49'W —20 50 300 +60 0.42 +0.05
KM 140 67°45'S, 93°39'E =27 40.4" 345 +40 0.40 +0.04 0.35
Byrd 80°00'S, 120°00'W —28.7 16 250 *40 0.43 10.02
KM260 68°46'S, 94°28'E —33.5 6.9 270 +50 0.41 +0.02 0.37
KM325 69°18'S, 95°01'E —37 14 380 *45 0.38 10.02 0.35
KM400 69°57'S, 95°37'E —-39.9 15.4 485 +50 0.36 +0.02 0.33
Komsomolskaya 74°06'S, 97°30'E —53.8 6.4 650 *15 0.30 10.01 0.38
Vostok (Hol.)? 78°28'S, 106°48'E —57 2.1 435 +20 0.33 +0.01 0.43
Vostok (LGM) 725 +20 0.28 +0.01 0.37

gration. Thus, mixing together the relative radii r/(r) of
air bubbles measured at different depths one can con-
struct a representative stacked size distribution corre-
sponding to given (steady-state) ice formation condi-
tions. In Fig. 3, b we show such stacked distributions
obtained for Holocene ice at six drilling sites located
along the route Mirny — Vostok together with the LGM
bubble-size distribution in the Vostok ice.

In general, the individual stacks for particular ice
cores reveal close clustering around the total-stack
distribution (thin curve in Fig 3, b) based on 11 000
bubbles from different sites and depths. Although fit-
ting of some other distribution functions to the bubble
data might be tested [1], an apparently good agree-
ment between the «empirical law» (total stack) and the
fitted log-normal distribution (bold curve in Fig. 3, b)
indicate a sufficiency of log-normal function to de-
scribe the properties of air bubbles formed under dif-
ferent climatic conditions.

Given the steady-state bubble-size distribution in
polar ice is log-normal, the values of (r.), s and N, gath-
ered in Table for a number of Holocene ice cores from
Antarctica and Greenland, provide a total characteristic
of the geometrical properties of the bubble populations
as determined by the size of the ice grains at pore close-
off in different climatic conditions. From (. ), the mean
bubble radius (r) can be calculated for any desired depth
between #, and 4,,,,, as described above. The volume
concentration ¢ of log-normally-distributed inclusions
can be calculated from relations [12, 24]:

¢/(1 —c¢) = (4/3)ry¥k*Np,, k=eolM=1+¢2 (12)

The uncertainties of () and N indicated in Table
have been determined as 2o0-errors of the mean val-
ues obtained by averaging the results from the differ-
ent depth levels. The error bars for the data adopted

from literature (Dye 3 and Byrd ice cores) have been
increased so as to cover additional uncertainties due to
unreported details of the experimental procedures.

For different sites, the experimental values of s vary
from 0.33 to 0.43 (see Table). The data, however, re-
veal no correlation between the width of the bubble-
size distribution and the ice formation conditions. It is
therefore reasonable to assume at this stage that the air
bubbles formed in polar ice at different climates have
similar (log-normal-like) distribution of relative radii
with s = 0.38%+0.05 or o(Inr) = 0.37£0.05, as shown
in Fig. 3, b. The uncertainty resulting from using the
above mean values in Equation (12) for estimating the
mean radius (number concentration) of air bubbles
from other known parameters of their population does
not exceed 3% (10%).

Relationship between the size and number of air bub-
bles in polar ice. Fig. 4 shows variations of the bubble
sizes at the close-off depth with number concentration
of bubbles in ice below the disintegration zone (the data
are from Table). The two dashed lines in the figure are
calculated using Equation (12) with s = 0.38 (k = 1.14)
and ¢, set at 0.09 or 0.11 as indicated in the figure. The
latter values bound the full present-day range of the
close-off porosity in polar ice. There can be seen a ten-
dency of the warmer (colder) sites to be located closer
to the line corresponding to the higher (lower) poros-
ity. However, this does not disguise much a clear lin-
ear correlation between reciprocal of cube of the mean
bubble radius, 1/(r.)}, and the bubble number N which
is expected from Equation (12) in the case when vari-
ability of ¢, and s is comparatively small. In summary,
the experimental data obtained from the Antarctic and
Greenland ice cores seem to support the theory which
we have developed to describe formation and evolution
of bubble ensembles in polar ice.
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Fig. 4. The relation between the mean equivalent-sphere radius of air bubbles reduced to the close—off conditions, (r.), and the

number concentration of bubbles after disintegration, N.

The data and the error bars are from Table. The least-squares regression is shown by solid line. The two dashed lines are calculated using
Equation (12) with s = 0.38 and ¢, set at 0.09 and 0.11 as indicated in the Figure

Puc. 4. CBs13b 5KBUBaJICHTHOTO Pailyca I’MIIOT€HHbIX BKJIIOYEHUI, MTPUBEAEHHOTO K YPOBHIO rpaHuULbl GUPH—IIEN (r,) CO CYETHOM!
KOHILIEHTpalIMel BKIIOUEHUI TTOCIIe 3aBepILIEHMS UX Ie3UHTErpauuu N.

OKcnepuMeHTaIbHbIe JaHHbIe U3 TabiuLbl. CIJIONIHOM JIMHUEN MoKa3aHa IMHeHas perpeccusl, MoJaydyeHHasi MeTOIOM HauMEHbLIMX KBa-
JIPaTOB; MyHKTHPAMU — TEOPETUUECKME 3aBUCUMOCTH pa3Mepa Iy3bIPbKOB OT UX KOJIMYECTBA BO JIbIY, PACCUUTAHHBIC 1O ypaBHeHUIO (12)
IUISL ABYX IPeJeIbHBIX 3HAYEHUI TOPUCTOCTU PEKPUCTA/UIM3ALIMOHHOTIO Jiba Ha rpaHuLe pupH—ién (¢, = 0,09 uc, = 0,11) npu s = 0,38

Conclusion

We have demonstrated that the shape of the bubble-
size distribution after the completion of bubble disinte-
gration does not depend on the climatic conditions of
ice formation and remains self-similar in an ice particle
sinking in polar ice sheet. Our theoretical inferences are
supported by direct measurements of the bubble sizes at
different depths within the Holocene ice formed under
different ice-formation conditions at the eight drill-
ing sites in Antarctica and Greenland, as well as in the
LGM ice at Vostok.

The stacked distribution of bubble radii (the «empiri-
cal law») based on 11 000 measurements reveals sufficient-
ly close agreement with log-normal distribution. This fa-
cilitates description of the geometrical properties of the
bubble ensembles and provides a simple connection be-
tween the two climate-related properties of the inclusion —
the number concentration and the mean size of bubbles.
Moreover, it is shown that the air bubbles formed in polar
ice at different climates are characterized by essentially the
same steady-state (log-normal-like) distribution of relative
radii with a standard deviation of 0.38+0.05.

On the basis of the obtained results we proposed a
simple method for reduction of bubbles to the close-off

conditions for recovery of the climatic signal imprinted
in the bubble-size records obtained at the low-accumu-
lation sites of polar ice sheets. The new developments
contribute to the theory of formation and evolution of
air bubbles in polar ice sheets above the bubble-to-hy-
drate transition zone and open the door to combined
use of the two experimentally independent properties
of bubbles as indicators of the past ice formation condi-
tions, such as firn temperature and accumulation rate.
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Appendix
Model for compression of a single bubble in the
polydisperse bubble-ice system

Formally replacing the ice porosity ¢ by cw/w in the
theory of bubbly-ice densification developed for mono-
size bubbles (see Equation (4.6) in [19]), we come to the
following integral equation governing the compression
of a single bubble in the polydisperse bubble-ice system:

p,—p=%:f/i[n(é+ M axly 411E)}dz,+

_ 1 2 \2 2
+f[cm+§gljj n[“(“‘? ‘4HEj+K4(CO;) n'[“("’“;) +411E] de;
3 2 cD/o 3‘; 39 3@

Al)

I, =§(cm)2 +cae, +8§.

Here n(E) is the rheological factor (apparent viscosity)
in the flow law of pure ice:

T=2(4Ilp)é
relating the stress deviator t to the strain rate tensor é.
By definition, II; = 0.5é:é is the second invariant of
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the tensor é. Implicitly n additionally depends on the
ice temperature 7. The tuning parameter k accounts for
different limiting schemes of the ice cell deformation
(0.4 <x < 1) [18], whilst I is the second invariant of
the macro-scale (averaged) strain rates in the two phase
bubble-ice system with €, and ¢, being, respectively,
the vertical compression rate and the effective strain
rate induced by the ice-sheet global flow [19]. The load
pressure is given by
h
Py = Py +8P; [ (1=C)dh, (A2)
0
where p,,, is the atmospheric pressure, g is the gravity
acceleration, and p; is the density of pure ice.
Expressing the bubble volume v from Equation (7)
and using Equation (3), we obtain

woldlP)
pdt\T

Together with initial conditions at the moment 7, when
the bubbly-ice particle is at the end of the disintegration
zone (h = h,), Equations (7), (A1) — (A3) form a complete
model of the bubble ensemble evolution with time 7 > ¢,
as the reference ice layer (particle) sinks into depth 4.

In accordance with the general considerations of this
paper, the same Equations (7), (Al) — (A3) are valid for
the mean ensemble characteristics p, (v), and o substitut-
ed for p, v, and w, respectively, provided that v, in Equa-
tion (7) is replaced by v,/ Np;, where v, is the dimension-
less genetic parameter of bubbly-ice densification dealing
with amount of air trapped in an ice particle: vy, = Vp;.

By definition,

¢ = Np;(v)/(1 + Noi(v),
and the averaged form of Equation (10) yields
¢ =Y/ ¥ D)y Ve = PoTo/ T
Correspondingly, we come to an exact replication

of the bubbly-ice densification model developed by Sa-
lamatin with coauthors [19].

(A3)

YcraHoBuBineecs: pacnpeesieHue my3bphbKoB BO3Iyxa
10 pa3MepaM B PEKPUCTAJLIH3AMHOHHOM JIbLY

JI€n TIonsIpHBIX JIEAHUKOB XapaKTePU3yeTCsT OOMII-
€M BKJIIOYEHUI (ITy3bIpbKOB) aTMOC(HEPHOIO BO3/IyXa,
KOTOpBIe (DOPMUPYIOTCS B pPe3yJIbTaTe 3aKPBITHSI CO00-
HIAIOIIMXCS TTOp Ha 3aBepIIAIOIeil CTAAuM PeKpUCTa-
JIM3aLMOHHOTO JIbIooOpazoBaHusI. B ciioe nemHuka, 3a-
JieraloleM MexIy rpaHuiiel hupH—aén 1 Ha4yaIoM 30HbI
TpaHc(OPMAITY Ta30BBIX BKIIOUECHUI B THAPATHI BO3MY-
Xa, TeOMeTpUYECKUE TTapaMeTphl BKIIOUEHUH (CUETHAas
KOHIIEHTPAIIVS ¥ CPETHUI pa3Mep ITy3bIPHKOB) OTIpelie-

JIAIOTCS TeMIIepaTypoii (pupHa ¥ CKOPOCTBIO aKKYMYJIsI-
LM JIbJA B MEePUOL JIbI00Opa30BaHUsI, a TAKXKE CXKaTU-
€M BKJIIOUEHUIA B MPOLIECCE YIUIOTHEHUS JIEAHUKOBOTO
JIbJia Mociie 3akpbITus mop. [locienHee o3HavyaeT, 4To
JIJIS UCTIONIb30BAHUSI Pa3MePOB IMy3bIPbKOB B KaueCTBe
NMaJeoKJIMMATUIYECKUX UHANKATOPOB UX HEOOXOAUMO
MpeaBapUTEILHO TIPUBECTU K YCJIOBUSM (TeMIieparype,
JIaBJICHUIO aTMOC(EpPHOTo BO3ayXa) Ha rpaHuLe (PUpH—
JIET, 4TO, B CBOIO OYepelb, TpeOyeT 3HaHMST 3aKOHOMEP-
HOCTei M3MeHeHUs pacnpeaeeHus My3bIpbKOB IO pa3-
MepY Ha pa3HbIX ITyOMHAaX B TeJie TOJISIPHOTO JIENHUKA.

B ocHOBY TeopeTMUeCcKOro aHajr3a PBOJIOLNMN aH-
caMOJIsl Ta30BbIX BKIIIOUEHUI MOJIOXKEHA MOJIEb YIUIOT-
HeHUs My3bIpbKOBOTO Jibaa [13, 19], koTopas B tTaHHOM
MPWIOXEHWM UCITOJb30BaHa IJIsl OMIMCAaHUS pejlakca-
LIMOHHOTO CXKaTUsl My3bIPbKOB, BXOASIIMX B pa3IUUHbIe
pasMepHbie TpynIbl. TeopeTuueckoe paccMOTpEHUE
Mpo0JIeMbl MPUBENO K 3aKIIOUEHUI0 00 MHBapUaHTHO-
¢ty hopMBbI pacrpeneeHusl My3bIpbKOB MO pa3Mepy B
CTalIMOHAPHBIX KJIMMATUYECKUX YCIOBUSIX. DTOT BHIBOM
ObLT MOATBEPXKIEH pe3ybTaTaMy U3MEPEHUI ra30BbIX
BKJIIOUEHU I BO JIbJY TOJIOLIEHOBOIO BO3pacTa U B CJIOE
JibAa, chopMUpOBaBLIETOCS B paiioHe cTaHIMKM BocTok
B TMEpUOJ MOCAEAHETO MaKCUMyMa oJiefieHeHus (Tpu-
MepHO 28—16 Thic. j1eT Ha3anm). Kpome aToro, 66110 ycTa-
HOBJIEHO, UTO BKJIFOUEHMSI BO3IyXa, (POPMUPYIOLIUECS BO
JIbAY B pa3HBIX KJIMMAaTUYECKUX YCJIOBUSIX, TAKXKE XapaK-
TEPUIYIOTCS TPAKTUYECKN OJMHAKOBBIM PACTIPENEIeHU -
€M 110 OTHOCUTEJIbHOMY pa3Mepy.

ITokazaHo, 4TO pacnpeneneHs HOpMUPOBAHHBIX pa-
JIMYCOB Ta30BbIX MYy3bIPbKOB, U3MEPEHHBIX HA PA3JIMYHBIX
[TyOMHAaX B IIECTU IMyHKTaX AHTapKTUIbI U ['peHnaHamu,
OJIN3KO COOTBETCTBYIOT JIOTHOPMAJIbHOMY 3aKOHY U Xa-
PaKTepU3YIOTCS MPAKTUYECKU OJAMHAKOBBIM CTaHIAPT-
HBIM OTKJIOHeHueM, paBHBIM 0,38+0,05. MaBapuaHT-
HOCTb pacipeaesieHUs My3bIPbKOB 110 OTHOCUTEILHOMY
pa3Mepy O3HavaeT CYlLIECTBOBaHUE CBSI3U MEXIY MpU-
BEAEHHBIM K YCJIOBUSIM Ha rpaHulie GUPH—IEN CPEAHUM
PagnyCcoM BKJIIOYEHUI U UX CYETHON KOHIICHTpaLUe,
YTO MOATBEPKAAETCS SKCIIEPUMEHTAIbHBIMUA TaHHBIMU.

Ha ocHoBaHMYM pe3yabTaTOB BHIMOJIHEHHOTO MC-
clieoBaHUs pa3paboTaH MPOCTONM METOA MpUBEIe-
HUS TeOMETPUUYECKUX MapaMeTPOB BKIIOUEHUI BO3-
JlyXa K U3BECTHBIM YCJIOBUSM B MOMEHT 3aMbIKaHUS
(GUPHOBBIX MOP, KOTOPHI OTKPbIBAET MEPCIEKTU-
BY OJJHOBPEMEHHOI'O MCITOJb30BaHUS ABYX IKCIIEPU-
MEHTaJIbHO HE3aBUCHUMBIX XapaKTEPUCTUK Iy3bIPbKOB
(cyéTHOI KOHULEHTpAallMU U CPpeIHero pa3Mmepa) s
PEKOHCTPYKIMHU YCIOBUM JIbA000pa30BaHUs (TeMIIe-
paTypbl MU CKOPOCTU aKKyMYJISILIMU JIbA).
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